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1. TNTR~DUCTI~N 
Consider 
u, - u.,, = e”, x>O,O<t<T, CD1 1 
u(x, 0) = 0, x > 0, 
u(0, t) = 0, O,<t<T. 
W) 
In this paper, we prove the existence of a unique solution u(x, t) of (D) on 
the semi-infinite strip ST= [O, co) x [0, T) with T< 1, show that this 
solution satisfies the asymptotic condition 
lim u(x, t) = -ln( 1 - t), t E (0, 1 ), I * a 
and that u,>O, u,bO for all (x, t)EST. 
This is the small heat-loss problem which arises by analyzing the boun- 
dary layer effects when one considers the ignition model for a rigid 
explosive in a bounded container 0. A detailed development of the small 
heat-loss problem can be found in Kassoy-Poland [3], and our 
motivation for considering this problem was by private communication 
with Kassoy. We outline a formulation of the problem in Section 2. 
Our results also provide a counterexample to a theorem (Theorem 2.1, 
[4, p. 1501) purportedly proven by Pao. Problem (D) satisfies all the 
hypotheses of Theorem 2.1 in [4]. Theorem 4.3 in Section 4 proves that the 
solution u(x, t) tends to -ln( 1 - t) uniformly on 0 < t < T-c 1 as x + cc. 
This is contrary to the claim by Pao that u(x, t) --+ 0 as x + co. 
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2. FORMULATION OF THE 
“SMALL HEAT-LOSS" PROBLEM 
The nondimensional system of parabolic equations which describe an 
irreversible one-step pth order spatially dependent thermal reaction for a 
rigid fuel in a bounded container Q (see [ 31) is given by 
T  -AT=E&~e(T-l)IET 
I’ 
c,, - bAc = -Fy&Pe’T- 1)/&T 
(S) 
with initial-boundary conditions 
T(x’, 0) = T,,(x’) 3 1, c(x’, 0) = 1, x’ E .0 
(B) 
T(x’, t’) = 1, &-) (x’, t’) = 0, (x’, t’) E al-2 x (0, co), 
where T denotes the nondimensional temperature, c is the nondimensional 
concentration of the fuel, b > 0 is the rate of diffusivity of the fuel, l/v is the 
heat of the reaction, p > 0 is the reaction order, E is the reciprocal of the 
nondimensionalized activation energy, and 6 is the Frank-Kamenetski 
parameter. 
For high activation energy, that is, for E sufficiently small, the classical 
induction period equations are obtained by letting 
T= 1 +EU, c= 1 -&y. 
The induction period system when T,(x’) = 1 is given by 
u,, - Au = Se”, (x’, t’) E 62 x (0, T), 
u(x’, 0) = 0, X’EQ, 
u( x’, t’) = 0, x’EaQ,o< t< T’. 
For a spherical container Q = {x’: Jx’J < R} c R”, making a change of 
scale t = St’, where 6 = l/a yields 
u, - aAu = eU, (x’, t) E t2 x (0, T) 
u(x’, 0) = 0, X’EQ, 
2.4(x’, t)) = 0, x’Easz,o<t<T. 
To study the small-heat loss problem we take a4 1, which implies small 
heat losses in comparison to the heat production by the chemical term e’. 
326 BEBERNESANDFULKS 
The adiabatic core solution u(x’, t) = -ln( 1 - t) is obtained from the initial 
value problem 
24, = e” 
24(x’, 0) = 0, X’EQ 
The heat losses occur in the boundary layer near the wail of the con- 
tainer Q. To analyze these boundary layer effects, let 
r = Ix’1 = 1 - a’/‘x. 
Then, for a< 1, we have 
u, - u,, = e”, x>O,O<t<T 
u(x, 0) = 0, x>o CD) 
u(0, t) = 0, OGt<T. 
This is the small heat-loss boundary layer problem which we discuss. In 
particular we obtain the asymptotic behavior of the solution for large x. 
For large values of x, there should be very little diffusion of heat and so 
the solution of (D) should behave very much like the solution to the 
Cauchy problem 
u, - u,, = e”, O<t<T, 
u(x, 0) = 0, --co<x<co 
(C) 
This problem is clearly invariant under spatial translations and so the 
solution must be independent of x. Thus problem (C) reduces to the initial 
value problem. 
u, = e’, u(O)=O,O<t<T (1) 
which has the elementary solution P(t) = -ln( 1 - t), 0 6 t < 1. This 
suggests that the solution of (D) should exist for t E (0, 1) and should be 
asymptotic to j?(t) as x + co. 
3. EXISTENCE 
First we construct a minimal solution u(x, t) to problem (D). We 
observe that CL(X, t) E 0 and /3(x, t) = -ln( 1 - t) are, respectively, lower and 
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upper solutions of (D) (see [ 11) so that any solution u(x, t) of (D) must 
satisfy 
O<u(x, t)< -ln(l-t), x>O,O<t< 1. 
It is well known (see [S]) that problem (D) is equivalent to the integral 
equation 
u(x, t) = j’ d,c jOz [k(x - y, t - z) - k(x + y, t - z)] e”(-“7r) dy, (3) 
0 
where k is the fundamental solution of the heat equation given by 
k(x, t) = (4nt)-‘j2 exp 
We use (3) as the basis for an iterative scheme to get solutions of a 
sequence of nonhomogeneous linear problems. 
Take u,(x, t) = a(x, t) = 0 and define { un}g by 
u,(x, t)=jidTji= [k(x-y, t--)-k(x+y, t-T)] eun-l’p,‘)dy. (4) 
Since the kernel in (4) is positive and the exponential is monotone we have 
Odu,(x, t)<u,+,(x, t)< -ln(l -t) 
for x >, 0, 0 6 t < 1. Then by the dominated convergence theorem of 
Lebesgue we have u,(x, t) tends to a function u(x, t) which satisfies (3) and 
hence (D) for x > 0, 0 < t < 1. Further, since each U, is a lower solution of 
(D), we have that u(x, t) is the minimal solution of (D) (see [l] or [2]). 
Thus, we have proven the following: 
THEOREM 3.1. There exists a solution u of(D) jar x 2 0, 0 < t < 1, and if 
0 is any solution, then 
0 < u(x, t) < u(x, t) < -ln( 1 - 1). 
4. Asx+oo. 
We now show that the constructed solution u satisfies the asymptotic 
property conjectured in Section 2. For this purpose, we will use the 
minimal sequence {u,} and the following estimate. 
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LEMMA 4.1. For each integer n 2 1 and each t > 0 
Proof: If f and g are functions defined near 0 and if fCk’(0) = gCk’(0), 
0 d k < n, then the same is true for F= ef and G = eg. We choose f(t) = 
C;=, tk/k and g(t) = - ln( 1 - t) so that G(t) = l/( 1 - t). Then the 
Maclaurin series for F is given by 
exp = ,I, tk + kiE, ak tk, 
where ak > 0. Since F is entire, the result follows. 
We now return to the sequence {u,} constructed in Section 3. 
LEMMA 4.2. For each E > 0, 0 < T < 1, and each n > 1, there is an 
a = a(&, T, n) for which 
k 
U,(X, t)> f t-E 
k=l 
Proof: We will prove this by induction on n: 
u,(x, t)=[;dTI,u [k(x-y, t--)-k(x+y, t--z)ldy 
We have 
= ‘ds x I s k(y, T) 4. 0 --x 
l> j” 
--x 
k( y, z 14 = f:m k(y,+Wj”khW 
x 
from which the result follows for n = 1. 
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Now suppose the result holds for some fixed n. Then with E and T 
chosen, there exists a = U(E, T, n) > 0 such that u,(x, t) > x1( t“/k) - E for 
x>a, O<t<T. We have 
> ‘dz 
i i 
m [k(x-y, r-z)-k(x+y, t-r))] 
0 a 
The inner integrals can be estimated as before to get that there exists 
b>O such that j,“_,k(y,t-z)dy>l-tz and j,“,,k(y,t-z)dy<E for 
x>b, O<z<t<T. Thus we have 
II+I *k 
u,+,(X,:)>(l-E)’ $ k-Eexp(-E)jiexp(~f)dr 
0 
,I+ I tk ,,+I Tk 
> c --2.5 I-- 
l k 
, k iexp(-s)j:exp($g)dr. 
Now let 6 > 0 be given. Then choose E so small that 
Thus, 
ntl tk 
Un+I(X,t)> T z-6 
for x > h, 0 d t d T. This completes the induction. 
The asymptotic behavior of the minimal solution u(x, t) can now easily 
be determined. 
THEOREM 4.3. For 0 < t d T< 1, 
u(x, t) + - ln( 1 - t) uniformly as x + ~0. 
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Proof: Let E > 0 be given. Then there is an n for which 
for 0 < t < T. With this n there is an a for which 
u,(x, t)> i f-t 
k=,k 2 
for x > a, 
O<t,<T. Then 
-In(l-t)>u(x, t)>u,(x, t)>if--:> -ln(l -t)-6 
lk 2 
for x > a. Hence, the result follows immediately. 
5. UNIQUENESS 
We now show that the solution to problem (D) is unique. If u is the 
solution constructed by the minimal sequence {u.};=-, using (3), where 
uO(x, t) =a(t)-0 and if v is any other solution of (D), then 
O<u<v< -ln(l- t) 
so that v(x,t)+--ln(l-t) uniformly for O<t<T<l as x-+co. Thus 
w  = v - u + 0 uniformly. 
THEOREM 5.1. There is exactly one solution of (D). 
Proof: We calculate 
e” - ,I, 1 
w, - WY., =-w=ee”w<e”wd--w, 
V-U l-t 
where we interpret (e’-eU)/(v-- U) =e” if v= u. Now suppose there is a 
point (x,, to), where w  > 0. Choose T= (1 + t,)/2, 2 = l/( 1 - T), and define 
zbyz=e -“w. Then 
z~-z~,~= --leC”9v+epi’w,-e -“‘w,,<eP”‘w[-A+l/(l-t)]<O (5) 
for Odtd T. 
Since w  + 0 uniformly as x + co, the same is true of z for 0 < t < T. Since 
2(x,, to) > 0, z must achieve a maximum at some finite point in ST= 
{(x, t): x 2 0,O < t < T}. But this contradicts (5). 
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6. MONOTONEITY 
We close by proving the heuristically expected observation that the 
solution u to problem (D) is monotone in each of x and t. 
LEMMA 6.1. Let w E c’ be locally integrable and bounded on S, for each 
T< 1. I f  w,>O and v is defined by . 
u(x, t) = j’ dz jm [k(x -y, t-z) -k(x + y, t-z)] ew(-“,‘) dy, 
0 0 
then II, > 0 for 0 < t < 1, x 2 0. 
Proof: For each t, 0 < t < 1, we have 
v,= ‘dT 
j s 






=2 j;k( x, t-T)e”co,rldT 
+j’dzjl [k(x-y, t--)+k(x+y, t-t)]e”““,‘)w,(y,r)dy 
0 0 
> 0, 
since the first term is positive and the second is nonnegative. 
THEOREM 6.2. If u is the solution to (D), then u, > 0 on x 3 0, 0 < t < 1. 
Proof We consider the minimal sequence {u,, j constructed in Sec- 
tion 3. Since u,(x, t) = a(x, t) = 0, we have (u,), 3 0 and, by Lemma 6.1, we 
have that (u,),~ 3 0 implies (u, + ,)* > 0. Thus (u,), > 0 for all n b 1 and all 
x 3 0, 0 < t < 1. For each t, u is therefore a monotone limit of monotone 
functions and hence is monotone. Thus, u,~ 3 0. But by applying the lemma 
once again with v = w  = u, we have u, > 0. 
In conclusion. we observe 
THEOREM 6.3. !fu is the solution of(D), then u,>O. 
Proof: Set v(x, t) = u(x, t + h). Then u is an upper solution of (D) which 
exists for 0 d t < 1 -h. Thus, [u(x, t + h) - u(x, t)]/h > 0 from which we 
have u, 2 0. 
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